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Real Numbers: R (&d8all 2asi))

R={x: —o0 < x < o0}

+ If a and b are two real no.s then one of the following is true.
some properties of R
1-Ifa>b then —a<-b
2-1f a>b then =<
3-Ifa<b,b<cthen a<c
4- If a<b then a+c<b+c Vrealno. c
5-1f a<b, c<d then a+c<b+d
6- If a<b, cany + vereal no.then a.c <b.c
7- If a<b, cany —vereal no.then a.c > b.c
8-If0<a<b,0< c<d then a.c<b.d
O-Ifa>b>0,c>d >0 then a.c>b.d

Intervals (<) _adll)

Def. :- Aninterval is a set of real no.s x having one of the
following forms:-
1- Open interval (a,b) (4= gidall 5 yidl))

Allrealno.sx s a< x <b

a b
(a,b) ={x: a < x < b} ¢ O d_)

X

grma—_—,

2- Closed interval [a,b] [ 4alaall sl |

Allrealnosx 3 a< x <b
a b]

[a,b] ={x: a <x < b}

N
4
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3- Half-open from the left or Half closed from the right.
(@,b]  (Ca)) (me Aa giba Ciial gl jlewddl (A gila Ciual 5 i8]

Allrealno.sx s a< x <b

v

b]
(a,b] ={x: a<x <b} < O S

4- Half-open from the right or Half closed from the left.
[a,b) [Omad) (pe da gila Ciuai g Jleadl (e 4 gida Ciial 3 Jidl))

All realno.sx 3 a< x <b

[a b)
[a,b) ={x: a <x < b} < @ —) >
Notes:-  (<sals)
5 (a,0) ={x: x > a,x € R} :
a
=a<x<ow=x >a € O e >
X (—o0,a) ={x: x <a,x €ER} a)
< O >
=-ow <x<a=x <a X ~
o [a,—o0) ={x: x = a,x € R} 2
€ 9 >
=a<x<ow=x =>a X
o (—o,a] ={x: x < a,x € R} a]

4 X
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=a>x>—-o0=x <a

Inequalities («liliia)
2x—3>0, x>?—-5x—-24<0
Examples:- Find the set of the following Inequalities.
1) 24+3x<5x+8
2—-—8<5x—3x
-6 < 2x
x> —3

Sol. Set={x: x>-3} =x> -3 =(—3,0)

2) 4<3x—-2<10
442<3x—2+2<10+2

6<3x<12
2<x<4

Sol.Set={x: 2<x<4} =(2,4]

3) 2>2 , x#0 , xeR
X

1tcase:- x>0

7 7
7> 2x <=>E>x <=>x<5
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Sol. set 1™ case = (0 ,5) R
2" case:- x<0

(© 2
7<2x © I<x © x> NO—OWNSR
Sol. set 2" case = ¢

Sol. Set :(O %) Ug=(0 ,%)

4) xf—s<4 , x#3
1Mcase:- x>3 ©x—-3>0
Multiply by (x — 3)
x<4(x—-3) ox<4x-12 x —4x < —-12

©-83x<-12e —-(-3xr<-12) ©x >4

Sol. set 1% case = (4, ) o——{-a*m—é(*mm R

2" case:-  x<3

x>4(x—-3) &x>4x—-12 x —4x > —-12

o —3x>-12 & —§(—3x> 1) s x<4

Sol. set 2" case = (—,3) «m—x—x—x)weeeeaa—» R

3 4
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Sol. Set =(4,©) U (—==,3) = R/[3,4]

M_@Hw_,ze

3 4

5 (x+3)(x+4)>0
1%case:- (x+3)>0 A (x+4)>0

S x>-3 AN x>—4

Sol. set 1% case = (—3, ) «—er\seea—emx—» R

-4 -3

2Mcase:-  (x+3)<0 A (x+4)<0

S x< -3 N x< -4

(—X—X—X—X—X—X}W—» R
Sol. set 2™ case =(—o0 , —4) /

-3

Sol. Set for both of the cases
:(_31 OO) U (—OO ) _4) = R/[_4! _3]

«Ar\%%ﬁr\s)—ew%%—»ﬁ

] -3

x—1
x2+x-6

6) <0

x2+x—6#0 ©(x+3)(x—2)#0
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x—1<0e=x<1

i (x+3)>0 A (x—2)>0 «%%%-\MMGM%M-\%—» R

x>-3 N x>2 3 to2
Sol. set i.1% case = ¢b

. (x+3)<0 A (x—2)<0

x—1<0sx<1 a a 9
-n R
Sol. set ii.1% case =(—c0 , —3)

-3 1 2

Sol. set 1* case = ¢p U (=00, —3) = (=0, —3)

2" case:- (x+3)(x—2)<0
x—1>0e=x>1
(x+3)>0 A (x—2)<0 <2 x--3  x=1
x>-3 A x<2 (_W%WM%R
Sol. set I. 2" case =(1,2) -3 1 2
. (x+3)<0 A (x—2)>0

x<—3
x<-3 AN x>2

& rrrrrrrrrrr\ A AR Y R
& T H."H.y Troooe

Sol. set I1. 2" case =¢b

Sol. set 2" case = =(1,2) U ¢ = (1,2)

Sol. Set of all cases =(—o,—3) U (1, 2)

8
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Absolute Value (4illaal) 4ell)

Def. :- The absolute value of a real no. x denoted by |x| is
defined as follows:-

x if x=0
le=<
x if x<0
EX.
|0j=0, |5|=5, |[-3]=3, [1.8]=18,

8—-5|=3, |4+2|=6

Note:-

x—a if x>a
Ix—a|=<

a—x if x<a

Properties of Absolute Value (4dlkaall dall al 63)

1- x| <a iff —a<x<a < ALY >
AV
-A A
2- |x|£a iff —a<x<a P AN A\ 5
- AR -
-a a
3- |x|>a iff x>a or x<-a W—w
-a a
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4- |x| =a iff x=a or x<-a

Note:-

lal = |b]

l1-a=0»b

2-a=-b

3-—a=b &oa=-b =2
4- —a=—-b a=b =1

Ex. Find sol. Set of the following:-
1- |[x —4| <5
—5<x—-—4<5 (properties no. 1)

—-54+4<x—-44+4<5+4
—-1<x<9

Sol.Set= {x: —1<x<9}=(1,9)

2- |2x = 5| =7
This satisfies in two cases either
2x—5=7 or 2x-5=-7

2x =12 2x = —2
XxX=06 x =-—1
Sol. Set={-1, 6}

3- |x —2| =[3x + 4]
x—2=3x+4 or x—2=-—(3x+4) (Nots 1&2)
x—3x=2+4 x—2=-3x—4

—2x =06 4x =2 —4

10
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Sol. Set = {-3, —}

Exercises (¢nulad)

3x—4

1- —3< - <2
2_ 3<2

3 X
3- |2x —5| >4
4- |6x| = |4x|
] ‘2x—8‘<4

2x—3

11
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Relationship Between Square Root and Absolute
Value (Ailaal) dedll 5 2 3l Hdadl o A850l))

Recall from algebra that a number is called a square root of a
If its square is. Recall also that every positive real number has
two square roots, one positive and one negative; the positive

square root is denoted by v/a and the negative square root by
— +/a . For example, the positive square root of 9 is v9 = 3, and
the negative square root of 9 is — /9 = =3 .

Students who may have been taught to write v9 as + 3 should
stop doing so, since it is incorrect.

It is a common error to replace Va? by a .Although this is
correct when a is nonnegative, it is false for negative a. For
example, if a = —4, then

VaZ = /(—4)2 =V16=4#a
A result that is correct for all a is given in the following theorem

Theorem.

For any real number a, Va? = |a|
Theorem:-

Leta,b two no.sthen

1- |a| = [—al
2- |la.b| = |al|b]
al _ lal
3- 5 = D] b+#0

12
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Functions (J\s)

Note:-

From the definition of the Intervals Note that a < x

e Variable:- symbol x is represented to any no. from a set of
numbers is called a variable.

e Constat:- a is represented only one number is called
constant.

The Cartesian product (Rilssdl) @ pal))

Def:- the Cartesian product of two sets A and B, denoted by
A X B, is the set of all ordered pairs (a, b) whereaisin Aand b
IS in B. in terms of set-builder notation, that is

AXB ={(a,b):a € A,b € B}
This definition implies that

AXB=0 iff A=@ or B=0
Thesets AXx Band B X A are notidentical AXB #B X A
AXB=BXA iff A=B and A=0 or B=90

13
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Functions and its Algebra (W Jgd)

Def:- A function of from a set D to a set R is a rule that assigns
a single element y € R to each element x € D

f =1 f(x)/x € D}

QPMJJKELG%LQ‘\J‘\x}i).\ajdd\dmiy):\ajd\ucdjm -
yqu\Msﬂmeﬁde.\\iu\

e
Let f: D — R is function iff for each € D , there is one and only
one y € R satisfying f(x) = y.
If (x,y,) and (x,y,) areelementsinFtheny, =y,
1- The Domain (A sllaic) Alall Jlas

The set D is called the domain of f isthesetof all x.......
Components occurring in the ordered pairs of f.

Denoted by dom(f) =Dy = {x:F is defined}
={x€eD:(x,y) € fforsomey ER}
2- The Codomain el Jlaall

The codomain is for all element in too set R and denoted by
Codg suchthat Codr = {y:y € R}

Domain Ja=ll A Codomain Jsll Jasll B

{3,6} Range 4l
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3- The Range (sl
Is the set of all second components of element of f
denoted by.
Rangs = Rf = {f(x):x € Dom(f)}

= {y:(x,y) € F forsomx € D }

A ¥ Jeall B A Y J&adl B

Qe 4l 3 jealall Gllia 1 JSEN & oY J)sa Jis Y (2&1) oDle) Sl 3
(e e JS Gl da il (m jlay 138 5 JiEall Jaal) jealic (e (g peaic
ol 2 Jsall o) ¢ Jiaall Juaall & daih aal g peaing 483ke 4l Jlaall jualic

How can write the function as ordered pairs?

Let try about the previous example.

Domain Jawdl A Codomain JHeedl Jaell B
f:A - B
f=1(1,3),(2,6),(3,6)}

15
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Ex. Determine which of the following sets is a function. If itis a
function, what is its domain (D) and rang (Rp)?

a) f = {(1) 4)) (37 6)1 (_31 5); (01 O)' (5' O)}
Sol.

Dy ={1,3,-3,05} & R; = {4,650}

b) g ={(1,3),(3,6),(3,5), (4,4),(5,0)}
Sol.

g is not a function (3, 6) and (3, 5) have the same x-
coordinate.

e The variable x is called the independent variable of f (or
argument) and the variable y is called the dependent
variable of f.

Def:- Let f be fun. then the graph of fun. f is the set of all
points (X, y) is the ordered pairs in

EX.

Let f be the fun. f(x) = V5 — x find its domain and range?
D ={x:5—x=0}={x:x <5} = (—,5]
Ry = {f(x):x € Ds} = {f(x): x < 5} = [0, )

Ex. Let g be fun. defined as follows
-3 if x = —1

L if 2 < x
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Find the domain, range, and sketch the fun.

Sol. A

4 O—
Dg =R
Rg = {-3,1,4}
O 9
- >
1 1 2
—9 q
v

Kinds of Functions (J\sa g5
Functions are divided into two types.

1- Algebraic function (32! 4dlall)
i. Polynomial function (2s2all saxxia 4l

Y =ao+ a;x + ax% + s+ @y x®
Suchthat a.,aq,a,,...a, €ER

Ex. 1. y=x3+2x+7

2.y=x+5
3.y =2x
.. . - - . 3 gaall padetia
ii. Regular function (% Sl gldlddly) y = J;Mm‘
C 2x+1 1
Y= + 3x ’ Y=

iii. Radical function (2> 4l

17
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1. y= 1 2.y =vVx2+1

2- Non algebraic function (Gl e adlall)
i.  Trigonometric function (4l Jl )

1. y =sinx 2.y=cosx 3.y=tanx
ii.  Exponential function (4l 41
1. y=2*% 2.y=(§)x 3.y=¢e*

iii. Logarithmic function (4l 5! 413)
Ly=logly (sl tesl)

2. y=lnx (ol e sl)

iv.  Absolute value function (dallaall 4.4l 4lls)

X x=0
2 —X x<0

18
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Def:-

1- f(x)isaneven fun.if f(—x) = f(x) forevery x in the
domain.

2- f(x) isanodd fun. if f(—x) = —f(x) forevery x in the
domain.

EXs.
1) sin 8
sin(—6@) = —sin(@) isodd fun.

2) cos
cos(6) = cos(—0) iseven fun.

3) f(x) = x%cosx
f(=x) = (—x)? cos(—x) = x?cosx = f(x)

~ f(x) iseven fun.

4) f(x) = 2=

Smj(—x)z—l_xz—l_ x* =1\
f=x) = sin(—x)  —sinx B <sin(x)> =~/

=~ f(x) isodd fun.

19
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Sum, Differences, product and guotient of
Functions (J1sall Aaudll g «qupall cz shall caandl)

If f(x) and g(x) are two functions then :-

1- The sum f + g is the fun.

(f +9)(x) = flx) + gx)
Domain (f + g) = domain(f) N domain(g)
2- The differences f — g is the fun.
f =)&) = f(x) — g(x)
Domain (f — g) = domain(f) N domain(g)
3- The product f. g is the fun.

(f-9)(x) = f(x).g(x)
Domain (f.g) = domain(f) N domain(g)
4- The quotientﬁ is the fun.

Q-5 soe

Domain (g) = domain(f) N domain(g)\{x: g(x) = 0}
Ex.If f(x)=+x and g(x)=+v1-x
Find (f+9), 9=, F=9. (£). (9). ¢r.9) andiis

domain.

Sol.

domain(f) = [0, o), domain(g) = (—oo, 1]
1—-x=0

-x = -1

x<1

Domain(f) N Domain(g) = [0,1]
20
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F+9)x) =vx+V1—x Domain(f + g) = [0,1]
f—9) =vx—vV1-x Domain(f — g) = [0,1]
G- =Vi-x—+x Domain(g — f) = [0,1]
-9 =f(x).g(x) =vxV1—x = Vx —x2

Df.g = [011]
f) f(x) Vx x
= = |— Df =101
’ (g ( ) gx)  Vl-x 1-x g [0,1)
g) gx) Vi1-x 1—x 1
° —= [--1 Dg = (0,1
(f ) == PR s g = (0.1]

Composition of Functions (J/s) < %)

Composition is another method for combining functions. In this
operation the output from one function becomes the input to a
second function.

Def. :- If fand g are functions, the composite function f o g ("f
composed with g") is defined by:

(f 2 9)(x) = f(9(x))
The domain of f o g consists of the numbers x in the domain of g for
which g(x) lies in the domain of f. feos
“» flg(x)

xe

I — B 2{x) f — _lf-l; 2{x))
g(x)

Figure (1) Figure (2)
21
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The definition implies that f o g can be formed when the range of g
lies in the domain of f. To find (f o g)(x), first find g(x) and second
find f(g(x)). Figure (1) pictures f o g as a machine diagram, and
Figure (2) shows the composition as an arrow diagram.

To evaluate the composite function g o f (when defined), we find
f(x) first and then find g(f(x)). The domain of g o f is the set of
numbers X in the domain of f such that f(x) lies in the domain of g.

The functions f o g and g o f are usually quite different.

Ex. If f(x)=+x and g(x) =x+1
Find () (f 2 9)(X) (B) (@ /)(X) (€) (f = /)(X) (d) (g g)X).

Sol. Composition Domain
@ (e =f(g)=glx)=Vvx+1 [—1, )
b)) (@eNE=g(f(x)=f)+1=vVx+1 [0, o)
© FoPNW=ff@) =) =VVx=x [0, 0)
d (e =glg)=g)+1=(Cx+D+1=x+2 (—o0, )

To see why the domain of fog is [-1,0), noticethat g(x) =x + 1 s
defined for all real x but g(x) belongs to the domain of f only if
x + 1= 0 thatistosay, when x > —1.

Notice that if f(x) = x2 and g(x) = /x, then

(f o g)(x) = (vx)? = x. However,the domain of f o g is [0, o),
not (oo, ), since vx requires x > 0.

22
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Ex. Let f(x) = 2x + 1 find the fun. g(x) in which

(f e g)(x) = x°.

Sol.

(fog)®) = f(gx)) = 2g(x) +1 = x3 = 2g(x) =x3 — 1

x3—1
2

g(x) =

Exercises (Cmwad)

1) Let f(x) = —3x + 2 find the fun. g(x) in which
(ge fHx) =x.

2) Find the domain and rang of the following fun.s

Q) y=x%+1 dy= \/

b)y =v6—x e)y ==
0y =1% f)y—lx'l’"
3Findf+g, f—g , f.g, § , % and its domain

a) f(x)=§ , g =Vx+1

1

b)f(x)=E , g(x)=\/%

4) Find fog and go f and its domain of
a) f(x)=vV2—x gkx)=+vVx-2
b) f(x) =V3+x% glx) ==

X

23
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Limit  (4ad)

We use limits to describe the way a function varies. Some
functions vary continuously; small changes in x produce only
small changes in f(x). Other functions can have values that jump,
vary erratically, or tend to increase or decrease without bound.
The notion of limit gives a precise way to distinguish among
these behaviors.

iy J)gall (iany Calias AN Lgy Calias il 48y )l Cin o) cllall addios
OSar Al JIsas f (X) (b Bmaa & yuad Lath i X (8 5yl <l i) ¢
O Jhaiil) o 3ol 30 ) e ol adafie JS e a8 Al ail) 6 O

(S slad) Gl el 4880 45y Hla daxd 4lall 2 sgde 2 50a

Definition of Limit

Suppose we are watching the values of a function f(x) as x
approaches ¢ (without taking on the value c itself). Certainly we
want to be able to say that f(x) stays within one-tenth of a unit from
L as soon as x stays within some distance d of ¢ (Fig. 3).

But that in itself is not enough,
because as x continues on its
| course toward ¢, what is to
L4 prevent AX from jumping
fx) lies around within the interval from
" in here L - (1/10) to L + (1/10) without
tending toward L? We can be

told that the error can be no

more than 1/100 or 1/1000 or

for all x # ¢ 1/100,000. Each time, we find a

i new & -interval about ¢ so that
keeping x within that interval
0 " | ) : satisfies the new error tolerance.

e /iY)

L e

Fig.(3) How should we define 6§ > 0
so that keeping xwithin the interval
(c- 6, c+ 6) will keep Ax) within the
interval (L-1/10),(L+1/10)?
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And each time the possibility exists that f(x) might jump away from

L at some later stage.

We can present a matching distance d that keeps x “close enough” to

c to keep f(x) within that e-tolerance of L (Fig.4). This leads us to
the precise definition of a limit.

Def: - Let f(x) be defined on an open interval about c, except
possibly at c itself. We say that the limit of f(x) as x approaches c is
the number L, and write

lim f(x) = L

if, for every number ¢ > 0 there exists a corresponding number
& > 0 asuch that

|f(x) —L| <& whenever 0<|x—a|<$é

To visualize the definition, imagine machining a cylindrical shaft to
a close tolerance .The diameter of the shaft is determined by turning
a dial to a setting measured by a variable x. We try for diameter L,
but since nothing is perfect we must be satisfied with a diameter f(x)
somewhere between L — ¢ and L + . The number § is our control
tolerance for the dial; it tells us how close our dial setting must be to
the setting x = c in order to guarantee that the diameter f(x) of the
shaft will be accurate to within ¢ of L.

As the tolerance for error

becomes stricter, we may have

L+e to adjust 6. The value of 6,
| | sow how tight our control setting

R ] must be, depends on the value

§ of &, the error tolerance.The
definition of limit extends to
functions on more general
domains. It is only required that
each open interval around c¢
contains points in the domain

Fig.(4) The relation of & and of the function other than c.
€ in the definition of limit.

>
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Theorem:-
If L, M, c, and k are real no.s and

limf(x) =L and limg(x) =M, then

xX—c x—c
1. Sum Rule: }CI_IE (f(x) +gx)=L+M
2. Difference Rule: lim (f(x) —gx))=L—-—M
3. Constant Multiple Rule: }Clinc (k f(x) =k.L

4. Product Rule: llm (f(x).g(x)) =L M

5. Quotient Rule: lim ggg % M #0

6. Power Rule: }Cl_r)ré [f (x)]™* = L™, n a positive integer
7. Root Rule: }Cl_r)ré "[f(x) = VL = L'/n ,n a positive integer

(if n is even, we assume that f(x) > 0 for x in an interval containing c)

Ex. If f(x) =2x+5,Find: limf(x).

Sol.
llmf(x) = llm(Zx +5) = 11m2x + 11m5 = Zlm}x +5
X—
= 2(1) +5=7
Ex. If f(x) = 2=3*2 Find - lim f (x).
X—
Sol.
lim £ (x) - li x? —3x+2 _4-6+2 0
mf) = lim—r—5 2-2 0
x?=3x+2 | @x-2@x-1
llmf(x) - }Cl_rg X — 2 B }Cl_rg (x —2) }Cl_rg(x -

=2-1=1
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Limits of Polynomials (2g3a) cilasial 4,1a1))

If f(x) =apx™+ ap_x™ 1+ ... + a. is any polynomial
fun. , Then
limf(x) = f(c) = apc™ + ap_;c™ 1+ + ao
X—=C

Limits of Quotients of Polynomials

If f(x) and g(x) are polynomials fun. , Then
@) f@©
x-cg(x)  gle)
Ex. If f(x) = (x?+3x—1),Find : xli)r{llf(x).

, g #0

Sol.
xllrglf(x) =(-1)?+3(-1)—-1=-3
2
Ex. Find ljmXF2***
x—2 x+2
Sol.
. x*+2x+4 (2)*+22)+4 12
~: x+2  x+2 4
3_
Ex. Find lim%Z2—=  x=+#1
x-1 x—1
Sol.
3.1 x3—

a® — b3 = (a — b)(a® + ab + b?)

x—Dx2+x+1
=lim( it )=lim(x2+x+1)=3
x—1 (x—l) x—1
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Ex. Find lLim Y=Y p .
h—-0 h
Sol.

. Vx+h—+x  Jx+th++x Ve i
}llil'(l) - X N (i.'.\.u.ﬂ\ 98 yan &_1‘)..45\)
= lim—2""%  _ Jim h

h—>0 h(Vx+h++vx)  h>0h(Vx+h++x)

| 1 11
TN T E V) Y+ 2vE

One-Sided Limits (33aly 4ga (e ciliadl)

In this section we extend the limit concept to one-sided limits, which
are limits as x approaches the number ¢ from the left-hand side
(where x < c) or the right-hand side (x > c¢) only. These allow us to
describe functions that have different limits at a point,depending on
whether we approach the point from the left or from the right. One-
sided limits also allow us to say what it means for a function to have
a limit at an endpoint of an interval.

Approaching a Limit from One Side

Suppose a function f is defined on an interval that extends to both
sides of a number c. In order for f to have a limit L as x approaches
c, the values of f(X) must approach the value L as x approaches c
from either side. Because of this, we sometimes say that the limit is
two-sided. If f fails to have a two-sided limit at c, it may still have a
one-sided limit, that is, a limit if the approach is only from one side.
If the approach is from the right, the limit is a right-hand limit or
limit from the right. From the left, it is a left-hand limit or limit
from the left.
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The function f(x) = % (Fig. 5) has

limit 1 as xapproaches 0 from the
right, and limit -1 as x approaches 0
from the left. Since these one-sided
limit values are not the same, there is

no single number that f (x) approaches
as x approaches 0. So f(x)does not

have a (two-sided) limit at 0.

Fig.(5) Different right-hand and
left-hand limits at the origin.

Intuitively, if we only consider the values of f(x) on an interval
(c,b), where ¢ < b, and the values of f(x) become arbitrarily close
to L as x approaches ¢ from within that interval, then f has right-
hand limit L at c. In this case we write

lirr;rf(x) =L

X—C

The notation “x — ¢* ” means that we consider only values of f(X)

for x greater than c. We don’t consider values of f(x) for x < ¢
Similarly, if f(X) is defined on an interval (a, c), where a < c and
f(x) approaches arbitrarily close to M as x approaches ¢ from within
that interval, then f has left-hand limit M at c. We write

limf(x) =M

X—C
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The symbol “x — ¢~ ” means that we consider the values of f only
at x-values less than c. These informal definitions of one-sided
limits are illustrated in (Fig. 6). For the function

flx) = % in (Fig.5) we have
lim f(x) =1 and xllrgl_f(x) =-1

x—-07t

I s f(x) - M

= > X

0 C < X 0 X > C

(a) lim f(x)=L (b) lim fx)=M

X—c* X—C

Fig(6) (a) Right-hand limit as x approaches c. (b) Left-hand limit as x approaches c
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Ex. (x) = vx , Find lin(l)f(x) .
X—
Sol.
Dom.of f(x)isx =0
Since vx is not defined for —ve values x so
Jim,f() = lim Vx =0 =0
Ex. (x) = |x|, Find lim |x| .
x-07t

Sol.

x if x=0
Since|x| =<
—x if x <0

Then f(x) = x where x - 07

So i+l = .z =

Ex. (x) =+v1—x, Find limf (x) .
Sol.

Dom.1—-x>20 ©x<1

Since V1 — x is not defined for x > 1, so

lim f(x) = limvV1—x=v1—1=0=limf(x)
x-1" x—-1" x—1
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Theorem:

1) limsinx =0
x—0

2) limcosx =1
x—0

sin x

3) lim =1
x-0 X

4) lim CoS X — o
x>0 X

5) lim = = oo
x-0X

Ex. Find the following limits:-

; sin 3x ; sin 3x
a) lim = 3lim
x>0 X x—=0 3x
vasx >0 = 3x-0
~ sin3x
= 3 lim =3x1=3
3x-0 3x
sin 5x sin 5x . sinb5x
. sin5x . 5.. = 5 Jim ——
b) lim = lim==%—-=>-1lim=2X_ = = 520 >X -
) x_>0 Sin 3x x—>0 Sin 3x 3 x—>0 Sln 3x 3 11m sln 3x
X 3x 3x-0 3x

Limits At Infinity (Gl e )
Def:-

Limitsas x » o0 or x » —o

1. The limit of the fun. f(x) as x approaches infinity is the no.
L.

limf(x) =L if

X— 00

Given any € > 0 there exists ano. M > 0 such that for all x,
M<x = |f(x)—Ll<e
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2. The limit of the fun. f(x) as x approaches negative infinity is
the no. L.
lim f(x) =L if

X—>—00

Given any € > 0 there exists ano. N < 0 such that for all x
x<N = |[f(x)-Ll<e

Theorem:
If f(x) =k (for any no. k)
1. limk= lim k=k

X—00 X—>—00

2. If )li_r){)lof(x) = L and )}i_r)glog(x) =M

When L and M (are positive real no.s) then:-

) lim (f0) F g() = limf() F limg(x) =L+ M
b) lim (f (x).g(x)) = LM

C) lim kf(x) = k}}i_r)glof(x) = kL (for any no. k)

f) _ L

d) lim LoitM =0
M

xﬁwg@)

These results hold for x » —

Ex. Find the limit of :-

1. lim
x—oo 7x+4
i <. o0 . e ,; . - . .
X .
- lim 1
1 11 1
—11m7x = lim = —%22 = -

4 . . 4
X—00 74— lim 7+ lim = 7
X X—00 X—00X

2. hm——hm— ——0 0=0

X—00 x2 x>0 X X
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Theorem:
1. lim Sinx _ 0
xX—>oo X
2. lim =2 -
x—o0o X
3. lim = = o
xX—oo X
Ex. Find
1. lim (2 + 25
X— 00
— lim2+ lim & =24 0=2
X—00 X—>oo X
2 i 2x2-x+3 li 2—%+xiz _2-04+0 _ 2
e X245 xoo 3+xi2 340 3
Infinite Limits (daleU) clilall)
Def:-

1. The limit of the fun. f(x) as x — a is the infinity such that
a e Df

limf(x) = oo

x—a

If v M >0 Thereexists § > 0 such that
Vx€Df, 0<|x—al<éd =fx)>M

2. The limit of the fun. f(x) as x — a is the negative infinity
suchthat a & Dy

limf(x) = —o0

xX—a

iIf VM <0 Thereexists § > 0 such that

Vx€Df, 0<|x—al<éd =fx)<M
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2 1
. 2x3+2x-1 .2t 373 2+40-0
6. lim —— = lim %% = =
0+0+0

X—>00 x2—5x+2 X—00 ___2+_3
X X X

Continuity (4 <iud)
Def:-

The fun. y = f(x) is continuous at x = c iff all three of the
following statements are true:-

1. f(c) isexists (cisinthe domain of f ).

2. limf(x) isexists (f hasalimitas x — ¢).
X—C

3. limf(x) = f(c) (the limitequals the fun. value).
X—C

Continuous function
Def:-
A fun. is continuous if it is continuous at each point of its domain.
Discontinuity at a point
Def:-

If a fun. f is not cont. at a point c, we say that f is discontinuous at ¢
and call ¢ a point of discontinuity of f .
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Examples:-

2_
1. f(x) =% is fcontatx=17?

Df = R\ {1}

~ f(1) not exist

v

~ fisdiscount. At x =1 1

2> =3x+1 (x-DHx-1)

= 2x —1
&) x—1 (x—1) *

— x+ —1

x+1
2. f(x) :{ isf cont.atx = —1

1 x= —1 :

A
1

) f(-1) =1 exist f®O=y=y13
oy Y 1 . \
i) xll)rzllf(x) = )}1_)rr_11 —  hotexist - L
~ f(x)isnotcont.at x = —1

vV flo=y=1
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3. f(x) { isf cont.atx = 0

) f(0)=1 IS exist
.. ) T sinx
R A

i) limf(x) = £(0) =1

=1 isexistasx = 0

f s cont.
2 —
xx:ff X+ 2
4. f(x) = isf cont.atx = 2
Z x = 2
Sol.
; 5
) fQ2)=;
. : e XPHx—=6 . (x+3)(x=2) _ 5
D }}L‘%f(x) B Einz x2-4 l9c1£n>2 (x=-2)(x+2) 4
i) f(2) =limf(x) =2
x—2 4

< f iscont.
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Note:

1. Evry polynomial function

fxX) =apx™+ap_1x™ 14+ + a. iscont.
(limf(x) = f(c))

X—C
2. Evry quotient % of polynomial function is cont. except

where g(x) =0

xl—r>r<1: gx) g

EX.

at every point ¢ at which g does not equal zero.

f(x) = i IS cont. at each point except at zero because f(0) is not
defined.

Theorem:-

If the functions f and g are continuous at X = ¢, then the following
algebraic combinations are continuous at x = C.

1. Sums: f+g

2. Differences : f—g

3. Constant Multiples: k.f  forany number k

4. Products: f.g

5. Quotients: é ,provided g(c) # 0

6. Powers: f™, n apositive integer

7. Roots: W provided it is deined on an interval containing

¢, where nis a positive integer
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Theorem:-

If f iscont. atcand g is cont. at f(c) then the composite g o f is
cont. at c.

lim(g © f)(x) = g(f(c))

gof

_—" Continuous at ¢ =~ ——__
//- \\\\
< ; S
//"/7_ 'f‘, — £ e \
/" Continuous" g Continuous - \_

’ . - T, 3
/ atc N~ at f(c) N

&

o
&

c (c) o(f(c)

Fig(7) Compositions of continuous functions are continuous

EX.
Show that y = ’;le:zx cont. at every value of x
Sol.

The fun. y is the composite of fun.s

, glx) = |x|

~ f iscont. and gis cont. theny = g o f isalso cont.

The derivative of a function (A1l 4&iia)

The derivative of a fun. f is the fun. f’ whose value at x is defined
by the eq.

Fl(x) = lim L8297 henever the limit exists
Ax—0 Ax
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A function is Differentiable at a point
(Lo Adali pic (LI AL 40)3)
A fun. that has a derivative at appoint x is said to be differentiable at
X . denoted by %,Z—i,Dy, Dy
EX.

Find the derivative of f(x) = x?

Sol.
L dy Cfe+ M) — ()
f (x)_a_Df_Al}cr—Elo Ax
o flx+Ax)?—x%  x% 4 2xAx + Ax? — x?
= lim = lim
Ax—0 Ax Ax—0 Ax
- Ax(2x + Ax) _
= lim = lim 2x + Ax = 2x
Ax—0 Ax Ax—0

HW. Find 2 ify = vx andx > 0
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Some Rules of Derivatives

1. If y = f(x) = c,where c is constant, then Z—i’ =0

2. Power rule for positive integer (power of x) y = x™ if n is
positive integer then % (x™) = nx™ !

3. The constant multiple rule.

d df (x) ,
— (f) =c—==cf'(0)
4. The sum rulr
d (u+ )_du+dv_ Ly
dx u v dx do u v
5. The product rule
d( ) = dv+ du
dx oV T Y TV

6. Positive integer power of a diff. fun.
If wisadiff. fun., n is power of u then

Loy = punt &
dx dx
7. Negative integer power of a diff. fun.

If wisadiff. fun., n is power of u then

Lyum= gyt
dx dx
8. The quotient rule.
du dv
a dx  “dx
dx (v) V2
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_ ay _
DIfy=5 then dx—O

_ ay _ 1.1-1 _
2) If y =x then dx—lx =1

3) If y = —8x* then Z—':: = —8(4x3) = —32x3
4) If y = —2x5 — 3x% + 6 then = = —10x* — 6x + 0
= —10x* — 6x
5) If y=(x%2+2)(x3+3x+1) then
% = (x?+2)Bx%2+3)+ (x3+3x + 1)(2x)
6 5

= (3 =2 av _ 3 _ % 2 _1
6)1f y=(x*—3) then 2 =6(x*-3) (3x2-2)

_ 2x3+3x-1

dy _ (x?2-1)(6x%+3)—-(2x3+3x-1)(2x)
Nify= —2 then = 212

8) If y = (2x% —5x72)"> then

2 = -5(2x? — 5x72) 7% (4x + 10x7%)

Implicit Differentiation (el GELEYY)

Ex. If y2=x Find &

dx

d d 1
2y _y —_ 1 ." _y e —
dx dx 2y

Ex. Find the derivative of the implicit fun. x3 —xy + y3 =1
Sol.

2 _ (., 24y _
3x (xdx+y.1)+3y dx—O
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EX.

— 2 Find% 7
If x=yJ1—y Flnddx.

Sol.
dx 1 1
E=§3’(1—y2)2(—2}')+\/1—)’2
—y? —y2+1—-y2 1-2y?
I G oe- y? _1-2y
1—y? 1—y? 1—y?
dy 1 1 1—y2

dx  dx  1-—2y2 =1—2y2
dy /1_y2

Derivatives of higher order

d ) L
r=2 First derivative
dx
dy'’ d .d ..
y' = —y, = — (—y Second derivative
dx dx “dx

yr = fr(x) = 2

dxn

Ex If y = f(x) = x* = 3x3 + 1 find 2 and ‘2

dx dx?

ay _ 3 _ 2 — A @_ 2 _ 7
dx—4x 9x“ =y~ and dx2—12x 18x =y
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Ex. If y =3x* —5x3 + 6x—7 find %2
' dx*
Sol.
d
2 12x3 — 1542 + 6
dx
2
Y — 36x2 —30x
dx
d3y
ﬁ = 72x — 30
dty
(x+1) d (u v%—u%
: n — : “S (=Y — X X
Ex. Find y" to y = D) if we use — (v) =
Sol.
=g 2 42 —1)t

(x-1) (x=1)
y' = =2(x—1)"?
y"' =4(x—-1)73
y" =-12(x—-1)~*
y"" = 48(x —1)7°

yn = (=D)"2(n)(x — 1)—(n+1) = (—1)"(n!) (x — 1)(n+1)
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1) Ex.find 22 if 2% —3y2=7

Sol.
To start , we differentiate both side of the eq. w.r.t. x to find y' = Z—i’
dy
6x2 —6y—=0
X Y dx

d 2
2 =2 wheny =0
dx y

We now apply the Quotient Rule to find y"

14 d2
2Y" =4
d . y2x)—x%y' 2x x*y
=—0") = > =—=-—
dx y y oy

2
Finally, we substitute y’ = x; in the eq.

4
e

X
— - hn
y = 3 wne y;tO

Rule9:- power rule for fractional exponents

If U is a differentiable function of x and p and g are integers with
q > 0 then

p p
d = “—1du .
Zya=Bys =& provided U # 0
dx q dx
EXx.s
1
a) y = Vx = x2
dy_l -—- 1
it e whenx > 0
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b) y = (3x% + 5)_%

The Chain Rule (bl 32013)

(Short form)
If y is a differentiable function of x and x is differentiable

function of t, then y is differentiable function of t and
v _dy  ax
dt  dx dt

EX.

find%attz—l if y=x3+5x—4and x =t%—1 Sol.
Att=—-1=x=0

dy| _dy| dx| _ (o 2 —5(=2) = —

atl = el “al = (3x% +x).2t =5(—2) =-10

The Chain Rule

(First form)
Suppose that h = g o f is the composite of differential
function y = g(x) and x = f(t), then h is a differential
function of t whose derivative at each value of t is

(gef) =g . f

at t at x = f(t) at t

In short, at each value of t

h'(t) = g'(f(0).-f'(©)
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Ex. if g() =Vx+ 2 and x=f() =t>—1 find =g o f)
when t = 2

Sol.
(gef)=¢g . f!
at t=2 at x =f(2) at t=2
d r !
~@oD|=g(r@). '@
t=2
_ 1 2
_Z\fx+2| ' 3t|
x=7 t=2
=1. 12=2
EX.
If y=t?—1 and x=2t+3 find Z—i’
Sol.
L= 2t ,E=2 = -1
dt dt dx 2
dy dy dt 1
= - =2t ==t
dx dt dx
Butx = 2t + 3 =>zr="7"3
Now we substitute t in the Z—z
dy x—=3

T dx 2
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Exercise;-

1) Find 2
dx

(x24+x)(x%2—x+1) b) y x+1

a)y = - = ()’
b) C)y—(x+1)2(x2+1) -3
Zif y=3-2x)"1

2) =3
3) Find Zy and— by implicit defferentiation
a)y2+2y=2x+1

b)y+2\/§=x
c)y?+xy=1

4) Find 2— and 2 by Chain Rule. Expressing the results in

terms of ¢t
y=x4 , x:%

Applications of Derivatives
Rolle's Theorem Jsu 4 s

Let f be differentiable function on (a, b) and continuous on [a, b] ,
If f(a) = f(b) = 0 then there is at least one number ¢ in (a, b)
suchthat f~(c) =0 .

Ex. f(x) =x%—2x—3 in [—1,3]

Sol. Clear that f(x) is differentiable on (-1,3) and f(x) is
continuous on [-1,3] since (polynomial).

f-D)=(-1)2=-2(-1)-3=1+2-3=0
f(3)=(3)2—2(3)—3=9_6_3=0
S f(=1D=f(3)=0
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Apply Rolle's Theorem

f'(x) =2x—-2

2x—2=0 =>x=1

~f'(1)=0 and —-1<1<3
EX.

Show that f(x) = xzx__xl_6 satisfies the hypothesis of the Rolle's

Theorem on [-2, 3] and find all values of c in the interval (-2, 3).
Sol.

f(x) is discontinuous at x = 1 and 1 is point of discontinuity since
lirri f(x) = not exist therefore we can't apply Rolle's Theorem.
X—

EX.

f(x) = xé — 2x§ in [0, 8]
Sol.

f'(x) = gx_?l — gx_?z
HW.

Mean-Value Theorem s sl dall i yia

Let f be differentiable function on (a, b) and continuous on [a, b],

then there is at least one number ¢ in (a,b) such that f'(c) =

f(b)-f(a)
b—a '
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EX.

Show that f(x) = x; + 1 satisfies the hypothesis of the Mean-Value
Theorem on [0, 2] and find all values of c in the interval (0, 2).

Sol.

The function f(x) is continuous and differentiable every where
because it is a polynomial.

In particular, f(x) is continuous on [0,2] and differentiable on (0,2),
so the hypothesis is satisfied witha = 0,b = 2

fl@=f0)=1 , f(ab)=f(2)=3
3x? 3c2

x) = 2 o) = 25
/ _ f(b) - f(a)
f'(e) = =4—=
3¢2_3-1_ 2?4 2
= = - = - = —_—
4 2-0 ¢ ‘TR
Only the positive solution lies in the interval (0,2) therefor ¢ = %
Derivatives of Trigonometric Function
sinx  Asllcus | cosx sl s s
sin x
tanx = agg ol Jha
COos x
1 COS X
cotx = = — A ) 3 alas Jha
tanx sin x
1 - . w 1 “ . - o
secx = — gl adald cscx = —— 4l 3 alai adald
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sin(—x) = —sinx , cos(—x) =cosx

sin(A+ B) =sinAcosB t cosAsinB

cos(A+ B) = cosAcos B —sinAsin B
cos(A — B) = cosAcosB +sinAsinB

sin20 = 2sin @ cos 0, cos 20 = cos?0 — sin?0

cos%0 + sin’0 =1, csc?0 =1 + cot?0

1+cos 20 . 1—cos 260

cos?0 = . sin%0 =
2 2

Trigonometric Functions
i(sin X) = COSX i(cos X) = —SsIinx
5 » S: rE S . ;
4 (tan xX) = sec’x i(s‘ec X) = secxtanx
S o de SRS
d ) d
— (cotx) = —csc™x —(cscx) = —cscx cotx
dx dx

EX.

Find 2 if y=x2tanx
dx

Sol.

Using the product rule , we obtain

dy

vl x2 % (tan(x)) + tan(x) % (x?)

= x2sec?x + 2xtanx
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EX.

Find & if y=2%

dx 1+cosx

Sol.

Using the quotient rule , we obtain

dy _ (14cos x)-cos x—sin x(—sin x) _ cosx+1 _ 1

dx (1+cos x)? (1+cosx)?  1+4cosx
EX.

Find y"("/,) if y(x)=secx (/4 =45)
Sol.

y'(x) = secxtanx
n _ 2
y'"(x) = secxsec“x +tanx - secx tanx

Thus
y'"! <7T/4> =sec®("/,) +sec("/4) tan*(" /)

= (V2] +V2(1)2 =2V2+V2 =32
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Derivatives Logarithmic and Exponential Functions
Def.

The natural Logarithm of x is denoted by In x and is defined by the
integral.

X

1
lnxzf?dt , x>0

1

Theorem:-

For any positive numbers a and c and any Rational number :-

a) Inac =lna + Inc Rational no. is a number which can be expressed in the

1 form2 wherein q # 0and bothp and q are integers.
b)In-= —Inc !
c

C) ln% =Ilna-Inc
d)Ina" =rlna
Theorem:-
1- The domain of Inx is (0, +00).
2- lim Inx = 4+ and lim Inx = +o0
x—0% X—+00

3- The rang of In x is (—oo, +00).

Derivatives Logarithmic:-

1
[lnx]—; x>0

du

[Inu] = % g wherein u is a differentiable function of x

53



SIWERRVEUY 1 I-EN 2 5 sal) Jalsil) g Jualddl) gaa / Al A il 48
Collage of Basic Education/Haditha Calculus - Level 2nd

(2020-2021)
- e

EX.

Find -~ [In(x? + 1)]

Sol.
dx x2+1 2+1
EX.
Find % [1 (x smx)]
Sol.

[ (x Sin x ] ln(x sinx) —InvV1 + x
= % [lnx2 + Insin x —%ln(l + x)]

COS X 1

d | 1 2
—alzmx+lnsmx—§ln(1 +x)] —;+ r—— 20+ %)

2
= —+4 cotx —
X 2(1+x)

Def.

The Inverse of the natural logarithm function In x is denoted by
e* and is called the natural exponential function.

Theorem:-
The natural exponential function e* is differentiable on (—oo, +0)

and it has derivative :-

— [pX] — pX
dx[e] e
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Note:-

If u is a differentiable function of x ,then

Ex. Find

d 3 3 d 3
1) —[e* |=e* - a(x3) = 3x2e*

d r cosx] _ ,cosx . @ — ol CcoS X
2) — [e€O5*] = e — (cosx) = —sinxe
Theorem:-
1) lim e* = 4o 2) lim e™ =
X—+ 00 X—+00
3) lim e* =0 4) lim e™ = 400
X—>—00 X—>—00
Notes:-

In1=0 ,lne=1 ,ln§=—1 Ine? =2

In(e®) = x forallreal valuesofx ,e™*=x forx >0
EX.

Solve the equation e?*~¢ = 4 for «x.

Sol.

we take the natural logarithm of both sides of the equation and use
the rule In(e*) = x

In(e?*~%) =In4

2x —6=1In4
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2x =6+1In4

1
x=3+-In4=3+In4 Ina" =rlna

x=34+1In2

Theorem:-

L"Hépital’s rule for form % (JLin ol Bas18)

Suppose that f and g are differentiable function on an open interval
containing x = a, except possibly at x = a and that
limf(x) =0 and limg(x) =0
xX—a

xX—a

If 1im £ has a finite limit or if this limit is —oo or + oo then
x—a g (x)

. fO . f'(x)
561_1)2 g(x) !cl—{% g’ (x)

Moreover, this statement is also true in the case of a limit as
xX->a , x—->a" ,x > —ow oras x = +oo,

EX.

by L'Hoépital's rule
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Theorem:-
L'Hépital's rule for form 2 (Jlis o) 2013)

Suppose that f and g are differentiable function on an open interval
containing x = a, except possibly at x = a and that

limf(x) =oc0 and limg(x) = oo
x—a

xX—a
If 1im £ has a finite limit or if this limit is —oo or + oo then
x—a g (x)
!
limZ® = 1im L&

x—a 8(x) x—-ag (x)

Moreover, this statement is also true in the case of a limit as
xX->a , x—->a" ,x > —w oras x = +oo,

Exercises:

2
. x%-4
1) lim
x—2 X—2

sin 2x

2) lim
x—0 X

. 1 1
3) }Cl_l’)l’(l) ; — ﬁ
57



SIWERRVEUY 1 I-EN 2 5 sal) Jalsil) g Jualddl) gaa / Al A il 48
Collage of Basic Education/Haditha Calculus - Level 2nd
(2020-2021)

—= e ———————— R —

. 5x%-3x
4) lim —
x—oo 7x4+1

5) %[ln|sinx|]

Integration (Jelsil))

A special symbol is used to denote the collection of all
antiderivatives of a function f.

Def. The collection of all antiderivatives of f is called the indefinite
integral of f with respect to x, and is denoted by

J f)dx

The symbol 1 is an integral sign. The function f is the integrand of
the integral, and x is the variable of integration.

Note.
1) f[dx=x+c
2) [adx =a [dx
3) [(dx+dy)=[dx+ [dy
n+1
4 [x"dx ==—+4¢ ,n=#-1
) n+1
5)f;dx=ln|x|+c=lnx+c x>0
6) [e*dx =e* +c

Xy = & - 4 axy = X
7) [a dx =—+c note: —(a*) =a*Ilna
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Ex.
j 2xdx = x* + ¢

2 _ zﬁ_ 2
(x* —2x + 5)dx 3 x“+5x+c

fcosxdx =sinx +c

1
f(seczx +—)dx =tanx +Vx + ¢
x

2Vx

Integration by parts @jsiy Jalss)

The integration by parts formula

f u(x)v' (x)dx = u(x)v(x) — j v(x)u'(x)dx

Ex.Find [ x cos x dx
Sol.

There is no obvious antiderivative of x cos x, so we use the
integration by parts formula.

[u()v'(x)dx = u(x)v(x) — [ v(x)u'(x)dx

to change this expression to one that is easier to integrate. We first
decide how to choose the functions u(x) and v(x). In this case we
factor the expression x cos x into

u(x) =x and v'(x) =cosx

Next we differentiate u(x) and find an antiderivative of v’ (x),

u'(x)=1 and v(x) =sinx
/\ymn/\ = X SIina /\lnuln/\

=xsinx +cosx + ¢
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There are four apparent choices available for u(x) and v'(x) in
Example.

1.Letu(x) =1 and v'(x) = xcosx. 2.
Letu(x) =x and v'(x) = cosx
3.Letu(x) =xcosx and v'(x)=1 4,

Letu(x) =cosx and v'(x) = x.
Choice 2 was used in Ex. The other three choices lead to integrals

we don’t know how to integrate. For instance, Choice 3, with
u’'(x) = cosx — x sin x, leads to the integral.

f(x cos x — x? sin x)dx

Gllia ¥ Gl J) el 8 Blazall drpall (e JEEY) g 40 3ailly JalSill (e Chagll
Cany v’ (x0) Vol Jbss e 5 ) pany | zoa gl s ol dapa ) daldaal 54y
gl Cum () o Adkall ¢ all 5 Al sgany JalSll Ledle (5 (o pdatis
D' (x) oev(x) Al

EX.

Find [ Inx dx

Sol.

[u()v'(x)dx = u(x)v(x) — [ v(x)u'(x)dx

Let u(x) =Inx and v'(x) =1

/In\'l(/\ (Inx)a /\l«/\

=xlhx—x+c¢
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The formula is often given in differential form. With
v'(x)dx = dv and u’'(x)dx = du, the integration by parts formula

becomes
judv=uv—jvdu

EX.

Find [ x%e*dx

Sol.

Let u(x) =x? and v'(x) = e*
u'(x) =2x and v(x) =e*

Or if we use second formula [udv = uv — [ vdu
u=x?> = du=2xdx

v=e¥ = dv =e*dx

/.\‘26’" dt = 32¢" —/6’r 2x dx. Integration by parts formula

u dv uv v du

The new integral is less complicated than the original because the exponent on x is reduced
by one. To evaluate the integral on the right, we integrate by parts again with
u=x,dv = e dx. Thendu = dx,v = €', and

Integration by parts Equation (2)

. " y i i u X, du - * dx
/Xe‘ dx = xé° —/el dx = xe — & + C. b e o2 L, b
‘ ___|,_. ‘ ’ ‘ ——|~ 1} €, i A

u dv 7Y v du

Using this last evaluation, we then obtain

/ x2e* dx = x%* — 2 / xe* dx

= x2¢* — 2xe* + 2¢* + C.
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Ex.Find [x%e*dx
Sol.Let u(x) =x? and v'(x) = e*
u'(x) =2x and v(x) =e*

Or if we use second formula [udv = uv — [ vdu
u=x* = du=2xdx

v=e*¥ = dv =e*dx

/.1‘26.’" dx = x%e* —/e" 2x dx. Integration by parts formula

o !

u dv uv v du

The new integral is less complicated than the original because the exponent on x is reduced

by one. To evaluate the integral on the right, we integrate by parts again with
u=x,dv = e dx. Thendu = dx,v = €', and

Integration by parts Equation (2)
i ) ) ) i u=x,dv = e dx
e dy =x¢" = | Fdr=x¢ —& -+ C ,
| |
l_!

)

| Y P= 8% du = dx
|
U u,l' {

v du

Using this last evaluation, we then obtain

/ x%e* dx = x%e* — 2 / xe~ dx

= x2e¢* — 2xe* + 2¢° + C,
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Area Bounded by Two Curves
(Crminia G Ba3aal) daluall)

Total area = f: [f1(x) — fo(x)]dx

Ex. Find the area a bounded by the parabola y =2 - X
, and the straight line y=—-x .

Sol. Points of intersections are given by :-
y=2- X% = —x
x2 —x-2=0
(x+1)(x-2)=0
X=—lorx=2
So the area a bounded by the two curves is given by :-

Total area = [f; () — fo(x)]dx
:f_zl(Z— X%+ X ) dx
=[2x- T+ 22, =45

( Integration by Partial Fraction )
(sl 4 s Al 5 JalSil) )

Dbl cend dalaal) 038 g 2] 5 puS AV gl e 20 Y (gl & senall (e umiBalall b
ey gusl

13 10 _ 13(x-1)-10(x-2)
x=2 x-1 (x=2)(x-1)

A el o) sy (i ppi die dau) ) 5uS (M slae S Jlai 488 o8 5 Al dlaal) V) Caai
pliall da 50 e S8 Jasll A 50 (O (e Lilie | 5us€ () 685 G 4 ) o) g (A S (o) Jidail

- ‘;:\LAS&T}E‘)AM o‘)}usuj\ i) ‘)uﬁ\ d&sﬁj

Culi )late dda s ) 5Saall (g8l Anlie dal 5 e alisy dlBall (8 (W) A Al (e e 8 JS -2
g Aalie (U 5 G sil) dlia Jg¥) Ol puS alildy (U e S gV An all (e a8 JS -3

G (N) Aa Gl el e (0) DS Gasll S 131388 5 il ot Lagia SIS Jassy 5 s gl
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nos sesall e ¢ St g glll ¢ 3 gl ¢ gl - Il e Leilalaa ) gusl

il Lgie DS Jas
1 A B C
(x+1)3  x+1 + (X+1)2  (Xx+1)3
s ALB,C: &

e IS Loy (8 A geaall Jal sall 1D AL A0 Jadl ) gl & senaS LV sl S5 4
5 58l D lalae 43 Hlaay 3 g3 ladate (n Aalas e Jhanid LoV sl dlie A g Hhall G i 5
A gl Jal g2l e Jans b Hhall 85 jlalital)

Ex 1 1 A B A(x+2)+B(x-3)
' x2—x—6  (x=3)(x+2)  X-3  X+2  (x=3)(x+2)
_ AX+2A+BX-3B _ (A+B)X+2A-3B
T (x-3)(x+2)  (x=3)(x+2)

- ool e g o lEs Y
1=(A+B)X +2A -3B
- Q\@H\;\@HY\«J#\QX;):\YM\@

A+B=0 .......... (1)
o ) 2A 3B Al | culill sl
2A-3B=1 ... (2)
il ol Gl (2)) 5 (1) da
A+B=0
A=-B
Do Jranid (2) Aalaall B (i g2l
2(-B)-3B=1
-5B=1
B=—
A=:gle duanid (1) B iad g
1 1
1 5 5 .
x2-x—6  X-3  X+2 ol

du\gé@byus}Jwﬁ\ajﬁé\cMum &Sﬂ\mg&\@w)ﬂ\ AT IPRERNE Y
S
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x dx
SC8 oy Tomry
b A N B _ A(x—2)+B(x—-1)
(x—1)(x—-2) (x—1) (x—-2)  (x—1)(x—2)
_AX—2A+BX—B_ (A+B)X—2A—-B
 (x=1)(x=-2) (x—1)(x-=2)
D Ol 45 iy
X=(A+B)X-2A-B
A+B=1
A=1-B
—2A-B=0 ............... (1)
- e Janid (1) Aaleal) 8 A dad (i gad
-2(1-B)-B=0
B=2
A=1-2=-1: Add o Jaxd B 4l (o (agas
sle das¥ A B dad (o (g
x dx -1 2
fm— f((x—1)+X—2)dx_ —Ln(x—1)+2Ln(x—2)+c
dx dx
Ex. fx2+2x—8 o f(x—z)(x+4)
1 A B A(X+4)+B(X-2) _ AX+4A+BX-2B
(x=2)(x+4) X-2  x+4  (x=2)(x+4)  (x=-2)(x+4)
_ (A+B)X+4A-2B
(x=2)(x+4)
-1 Ol 45 5laa
1=(A+B)X+4A-2B
A+B=0
A=-—
A4A-2B=1 ............... (1)
- e Janid (1) Aalaal) 8 A dad (i gad
—-4B -2B=1

A== i Aded e Jeanii B el 0o G
e s A B Al (o (sl
-1

__ax 3 _1 oy 1
f(x—Z)(x+4)_ f( X—2 + X+4 ) dx = 6Ln(x 2) 6Ln(x+4)+c

[N
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